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CAPPELL and Shaneson announced in[4] that a closed, orientable, smooth 4-manifold 
embeds (smoothly) in S6 if and only if it has spin and has zero index (see also [3,17]). In 
this paper, we investigate the question of when such Cmanifolds also embed smoothly in 
S’. The main result (Theorem 4.1) gives sufficient conditions in a.broad range of situations. 
For example, if H2(X) is finite or H,(lr,(X)) = 0, then Theorem 4.1 gives necessary and 
sufficient conditions for X to embed. A careful analysis of these yields the first known 
examples of 4-manifolds which embed in lR6 but not in R5[8]. We are able to completely 
answer the stable-embedding question, i.e. to give necessary and sufficient conditions 
(Theorem 7.3) for X# (S* x S2) to embed in S’. In both cases, these conditions are of a 
k 
homotopy-theoretic nature and are not difficult to evaluate. One consequence is: 
THEOREM 6.2. Let X be a closed, orientable, smooth, connected 4-manifold with index 
(X) = w2(X) = 0. Then if any of the following conditions hold, X will embed smoothly in S’. 
(A) H,(X) is the direct sum of fewer than 3 cyclic groups. 
(B) x,(X) is a free product of atzy Eumber of cyclic group;. 
(C) nl(X) = G, x G2 where Hd(GJ 2 Hj(Gi; ZJ E Hz(Gi; Z) = Tor(H,(G,), EJ z 0 for 
i = 1,2. 
The conditions of Theorem 4.1 actually apply to the more difficult problem of embedding 
a Cmanifold with a specified spin-structure via a specified “splitting” of n, and H,/torsion. 
The most interesting application of the embedding criteria is to slicing links of 2-spheres 
in S4. Using Theorem 4.1, we are able to exhibit necessary and sufficient conditions for 
a link of 2-spheres in S4 to be (strongly) slice in B5[7’J Some results on a notion of slice 
links in #(S* x S*) are included in this paper. $8 contains a generalization of Wall’s 
k 
theorem characterizing simply-connected 4-manifolds. 
$2. PHILOSOPHY AND CONVENTIONS 
Our approach to embedding the manifold X in S5 is to embed it first in a l-connected, 
spin 5-manifold M. Since any l-connected spin 5-manifold is stably-parallelizable, we can 
perform surgery on embedded 2-spheres in interior (M-X) until we have X embedded in 
a homotopy S’. Since every smooth homotopy S5 is diffeomorphic to S5 ([l 11, p. 505), we 
would be done. Another way of describing our approach is to say that we propose to 
actually construct he complementary components of X in S5. More specifically, it follows 
from Alexander Duality that if X were to embed in S’ it would separate S’ into two 
parallelizable 5-manifolds A and B, each with X as a boundary. Hence, given a general 
X and asked to embed it in S5, we carefully find candidates A and B which, when glued 
together along their boundary, will yield a 5-manifold M sufficiently like S’ that we can 
proceed with our program of surgery. Our tools will consist of elementary bordism theory 
and a modified version of simply-connected surgery. 
Manifolds and maps between manifolds will be smooth. X will represent hroughout 
a smooth, connected, closed, orientable 4-manifold with w*(X) = 0 and a(X) = index 
(X) = 0. If A and B are manifolds then A c, B will mean that A embeds in B. For a 
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definition of sZs,p’“(K), the spin bordism groups of manifolds and maps into K, the reader 
is referred to [9] or ([16], p. 25) In this spin, we shall abbreviate nr(K(G, 1)) by Qp(G) 
where G is a group. A spin-structure u on a manifold M is best thought of as a choice of 
trivialization of T (M) over the 2-skeleton ([ 131, p. 202). Thus every S* embedded in M has a 
trivial normal bundle provided dim M 2 5. 
43. PRELIMINARIES ON SURGERY ON 2SPiIERES IN WlANIFOLDS 
Given a spin 5-manifold (M, o) and [a] a spherical class in H,(M; Z), we can define a 
new manifold M’ = x(M, j) where the embedding f: S* x D3 4 M represents [a] and Q 
extends over M’ (see; [ 11, 141 proofs of Theorems 2, 3). The manifold M’ together with the 
induced spin-structure is called the result ofspin-surgery on [a] on the spin manifold (M, a). 
An important ingredient in our proofs will be the effect of surgery on the homology 
groups of the manifolds involved. This is summarized by the following three lemmas. 
SURGERY LEMMA 3.1. (Compare [18] Proof of Theorem 1; [l l] Lemma 5.6). 
fS’ x d C int A be an embedding representing the class [/\I E H,(A) where A 
compact, oriented Smanifold with boundary X. 
Let A, = A - f(S’ x d’) A’ = A0 U,(D3 x S*) = x(A,f), let X also stand 
f (S’ x 0) then 
H&4, X)il. Z ’ 
f\ 
I 
- H2640, X)- 
\I 
H,(A, X)-O 
4 
Iz’ 
H,(A ‘7 Jf) 
1 
0 
Let 
is a 
for 
(1) 
commutes and is exact vertically and horizontally, where H&4, A,) r Z is generated by a 
fiber of the disc bundle over I; where H,(A’, A,) = Z is generated by the D3 x 0 in 
A,u,(D3 x S2), and the map a is given by intersection with [A]cH,(A). 
HAA’, X> HAA, X) 
(CPW > = (d.44) 
where 4 : H,(A)+H,(A, X) and 4’: H,(A’)+H,(A’, X) are from the long exact sequences 
for the pairs (A, X) and (A ‘, X); and II’ is the class in H,(A’) represented by the meridional 
2-sphere to A. Note that @([A]) = A(l), #([A’]) = A’( 1). 
Remark. Surgery on a 2-sphere in a 5-manifold does not affect rr, or H, [ 141. 
RANK LEMMA 3.2. Let M be a closed smooth Smanifold. Let f: S2 x D’ C. M be an 
embedding representing the class [,I] E H,(M). If M’ = x(M, f ), then 
rank H,(M’)-rank H,(M) = + 1. 
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Proof Kervaire and Milnor’s proof of a less general result also proves this ([ 1 l] Lemma 
5.8). 
RANK LEMMA 3.3. Let A be a smooth 5-mantfold with non-empty boundary X. Then 
surgery on A via f: S2 x B3 4 int A will increase the rank of H,(A) tff(S’ x 0) represents a
class [A] of$nite order in H,(A). 
Proof Let M = A ux - A and examine the result of two surgeries. 
Let A’=x(A,f)= -x(--A, -f) 
M’ = result of surgery via f on A c, A4 
M” = result of surgery via -f on -A C-+ M’. 
Examining 4 : H2(X)+H2(A)8H2(A) from the Mayer-Vietoris sequence for M, we see 
that 
(a) rank (imd) + rank H,(M) + 2 rank H,(A) = 2 rank H,(A) + rank H,(X) 
+ rank H,(M). 
Similarly for M”, 
(b) rank (im+“) + rank H,(M”) + 2 rank H,(A’) = 2 rank H,(A’) + rank H,(X) 
+ rank H,(M”). 
Since rank(im C#B) = rank (H,(X) ‘* -H,(A)) = f rank H,(X) [ 181, we arrive at 
(c) rank H,(M”)-rank H,(M) = Z(rank H,(A’)-rank H,(A)). 
Applying Lemma 3.1 to the two surgeries yields that rank H*(M”)-rank H,(M) = 2, so we 
reach the desired conclusion. cl 
§4. THE MAIN THEOREM: STATEMENT AND PROOF 
We are now in a position to state our major result, which almost gives necessary and 
sufficient conditions for a closed 4-manifold to embed in S’. The theorem actually answers 
the much more specific question of when a 4-manifold embeds in Ss with a specified 
“splitting” of xi and a specz@ied “splitting” of H,(X)/Torsion (that is to say with somewhat 
specified complementary components). In addition, if one insists on embedding a spin 
manifold (X, O) C+ (9, standard), the theorem still holds by stipulating oi = o i = I,2 in 
condition (iv) below. 
MAIN THEOREM 4.1. Let X be a closed, connected, orientable smooth 4-manifold. Let 
G = z,(X). Then the following will insure that X 4 S5: 
(i) that there exist finitely-presented groups Gi i - 1,2 and homomorphisms gi : G-+Gi 
such that the push-out of the diagram below is trivial, 
(ii) the gi induce an isomorphism H,(G) z H,(G,)@H,(G,) 
(iii) the gi induce an epimorphism (til, &): H,(G)+H,(G,)@H,(G,) 
(iv) there exist spin-structures oi on X and mapsA: X+K(G,, 1) for i = 1,2 which induce 
the g, and such that [(X, ai,l;)]= 0 in L!~pi”(GJ for i - 1,2. 
(v) there exist one-halfrank subgroups C, D such that C @D z H,(X); DID with respect 
to the intersection pairing; and C c ker r,G2, D c ker I/J,. 
(vi) either (a) H,(G,) torsion-free and H,(G,) z 0 or (b) H2(G,) torsion-free and H,(G,) 
torsion -free. 
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Remarks. All of the conditions above are necessary except (vi). If H,(X) is finite or H,(G,) 
is torsion-free, then conditions (i)-(v) represent he necessary and sufficient conditions for 
embedding. In the simpler situations, condition (v) can be avoided entirely. In my dis- 
sertation is proven a much more general theorem in which (vi) reads “the map 
Tor HZ(x)- ” Tor H,(G,) is onto”[6]. 
Proof of Theorem 4.1. Assume that X satisfies the hypotheses of Theorem 4.1. First we 
shall get preliminary candidates A, B for the complementary components of X in S5. 
PROFQSITION 4.2. Zf [x”, a,,f,)] - 0 in Q~Pi”(G,) where a given g, : a,(X)-+G, inducesf,, 
then there exists a compact Smanifold A and a spin structure uA on A extending that on 
aA = Xsuch that: 
(i) n,(A) E G, 
(ii) X d A induces r,(X) ?_, G,. 
Proof. The hypothesis guarantees the existence of a spin 5-manifold (2, u,J of which (X, 
a,) is the spin-boundary and such that Diagram 1 commutes. We can arrange that tj is an 
epimorphism on x, by redefining &,,, = 2 #(f S’ x S4), and 
redefining rl/. It is easy to see that $ extends in the desired way as 
does the spin-structure CT,. Now perform surgery on embedded ,j 
circles in int 2 which represent elements of the kernel of $* to get II/ 
a new spin manifold A ([I41 Lemma 5). Since G, is I\ 
finitely-presented, it is possible, by afinite number of surgeries, to X-IV% 1) Diagram 1. 
arrive at a manifold A such that r,(A) = G, ([ 191, p. 15). 
Similarly, we get X as the spin-boundary of B where the inclusion realizes gZ : G +G,. 
We now find it necessary to modify the manifold A, preserving the nice properties 
concerning its spin-structure and fundamental group that we set up in 4.2. The new 
property we seek is that the map induced by inclusion E :H&Y)+&(A) be an epi- 
morphism. If X were actually embedded in S’ then H,(X)+H,(&@H,(@ would be an 
isomorphism (where 2, L? are the hypothetical components of S5 -X) so this is a 
reasonable goal. 
Recall that for any space K there is the Hopf exact sequence: 
where p is the Hurewicz homomorphism and x is induced by an isomorphism on rr,. 
THEOREM 4.3. L.et X be the boundary of a compact, connected, spin-5-manifold A. Let 
G = q(X) and G, = q(A). Suppose that: 
(1) H2(G,) is torsion -free, and 
(2) H,(G) ” - H2(G,) is an epimorphism. 
Then we can modify A (by spin-surgeries on embedded 2-spheres) to satisfy in addition that 
the map 4 :H,(A)+H,(A, X) is the zero map (equivalently that 6: H,(X)+H,(A) is an 
epimorphism). 
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Proof. Note that the hypotheses will not be altered by our surgeries since they depend 
only on X and on the homomorphism G-G,. 
Here the columns are part of Hopf exact sequences and the row is part of the homology 
sequence for (A, X). 
Diagram 2. 
To achieve the desired result imc$ = 0, it is sufficient to get im($ o p) = 0, for a diagram- 
chase through Diagram 2 shows that + = 4 o p is an epimorphism. 
Step A. By induction on the rank of irn4 we can modify A until im4 isjinite. 
Assume im4 is infinite. Choose a primitive element i in imc$ c H,(A, X). Say A - @J(A) 
where A E im(p) (here we use the epimorphism $ from Diagram 2). Then A will be primitive 
in H,(A). Since A E im(p) we can perform spin-surgery on /\ to obtain (A’, b’, p’) such that 
(see Surgery Lemma 3.1): 
where ;1’ is the class represented by the meridional 2-sphere to the one representing 1. Since 
/\ is primitive in H,(A) there is a p E H,(A, X) such that p - A = 1. This implies that the map 
u of Surgery Lemma 3.1 is an epimorphism. Consequently the image of 1’ in H,(A’, X) 
is zero. We will use this property of primitive elements continually (see [l 1, 181). Thus, 
im@ 
imq5 = _. 
(A) 
In particular, rank(im&‘) < rank(im@). Redefining 
induction until im@ is finite. 
(A, 4, p) = (A’, 6, P’), we proceed by 
Step B. We will now perform more surgeries and proceed by induction on the order 
of im& 
Case 1. Assume there exists [c] E im(p) with [c] of infinite order in H,(A) and 
@([cl) # 0. Then im(p) is infinite and consequently generated by its primitive elements. 
Choose /\ E im(p) such that A is primitive in the subgroup im(p) and so that 4(A) = A 4 0. 
The hypothesis that H,(G,) is torsion-free together with the Hopf sequence for G, - T,(A) 
show that, in fact, the class A must be primitive in H,(A) as well as in the subgroup im(p). 
Perform spin-surgery on the primitive, spherical class A to get (A’, @J’, p’) such that: 
im4 
imqb’ =i -. 
(40)) 
Since @(A) + 0, the order of the finite group im@ is strictly less than the order of im+. 
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Case 2. If there is a J of finite order in H,(A) such that d(n) = I+ 0 (assuming Step 
A) then we shall perform two surgeries (A, 4, p) *(A’, 4’, p’)*(A”, 4”, p”) preserving 
Step A and such that ]im&‘] < ]im$]. First, since ,! is spherical, we can perform spin surgery 
on it to get (A ‘, &‘, p’) where 
* 
where 1’ is the meridional 2-sphere of 1. Now, the exactness of 
implies the exactness of 
0-dimei Hz(A)2 im#-0 
and since X = JA, the rank of L is equal to 4 rank H,(X)[18]. Thus the ranks of H,(A) and 
of im& are related. Lemma 3.3 implies that rank H,(X) = 1 + rank H,(A). It follows that 
rank(im&) - rank(im4) + 1, hence rank(im+‘) = 1. Note that this certainly implies that 
#(A’) is an element of infinite order in im@. 
The homology class [A’] E H,(A’) is represented by the meridional 2-sphere of A so it 
certainly is spherical. There is an integer m such that [J.‘] = m[a’] + r for some primitive 
a’ and torsion z in H,(A’). Hypothesis (1) of Theorem 4.3 then implies that [a’] must be 
spherical class as well. Note that m # 0 because +‘(A’) is of infinite order. Perform 
spin-surgery on [(II’] E H,(M) to get (A”, #‘, p”) such that: imqb = im@‘/ (@(cl) ) (since cy’ 
primitive). Together with * above, this yields: 
Thus in Cases 1 and 2 we are able to reduce the order of the finite group im& Clearly 
then we can proceed by induction until im(p o 4) = 0. This completes the proof of Theorem 
4.3. q 
In the case that H,(G,) = 0 (case vi) (a) of 4.1), the manifold A constructed so far will 
suffice as one complementary component of X in S5; however, in the case (vi) (b), where 
H,(G,) is torsion-free, we will need more modifications. 
There are (singular) intersection pairings, denoted - and /3 ( , ) respectively, between 
Hz(X) and itself and between H,(A) and H,(A, X). The following lemma is well known. 
LEMMA 4.4. The following diagram commutes : 
where E is induced by inclusion 
id 
ff,(A )cw,(A, x18.; and a is the obvious map, 
i.e. zj-x~H~(X) and aeH,(A, X) then x . aa = /?(c(x), a). 
EMBEDDING CMANIFOLDS IN Ss 263 
LEMMA 4.5. If A is the mantfold produced as a result of Theorem 4.3, and H,(G& is 
torsion-free, then we can modtfy A by surgeries to preserve its properties and achieve in 
addition that C ’ -H,(A) is an epimorphism, where C is as given in Theorem 4.1. 
Proof We will accomplish this by performing surgery on primitive classes in H,(A). A 
simple analysis as in the proof of Theorem 4.3 shows that H&Y)--f,H,(A) will remain 
an epimorphism throughout. Note that the torsion subgroup of H,(A) is isomorphic to 
the torsion subgroup of H,(A, X); and that the sequence O- H,@, X)- 
H,(X)- H,(A)- 0 is exact. Hence the torsion subgroup of H,(A) is isomorphic to the 
torsion subgroup of ker(H, (X) - H,(A)) which, by Proposition 4.2 and hypothesis (ii) of 
Theorem 4.1, is isomorphic to H,(B) = H,(G,). Thus H,(A) is torsion-free. 
Since COD ‘* -H,(A) is an epimorphism already, it is enough to achieve e(D) = 0 
in H,(A). If Hz(X) is finite then there is nothing to prove so assume that it is infinite. 
Consequently D is also infinite and is generated by a finite set of primitive elements, say 
&,dz,. . . ,d,]. We will proceed by induction. Assume t(di) - 0 for 1 I i < k; t(dk) = 6. Since 
D c ker & by condition (v) of Theorem 4.1, si is a spherical class. Since H,(A) is torsion-free, 
PI - m[a] for some m E Z’ and [a] a primitive class in H,(A). Since H,(zr,(A)) = H,(G,) is 
torsion-free, [a] is spherical also. Perform spin-surgery on [a] E H,(A). It follows from 
Surgery Lemma 3.1 that, in the resultant manifold A’, e’(dk) = nA’ where 
E’: H,(X) - H,(A’) and /1’ is as usual. We shall show that in fact n = 0. Since [a] is 
primitive, there exists [S] E H,(A, X) such that ,@(a, S) - + 1. Let x - aS E H&Y). Then, by 
Lemma 4.4, since c(x) = 0, x . x must be 0. On the other hand, in the manifold A’, t’(x) is 
clearly equal to [A’] and hence c’(d,,-nx) = 0. Again by Lemma 4.4, we must have 0 = 
(dk-nx) - (d,-nx) = dk - dk + n*(x . x) - 2n(d,, - x). But dk . x = dk . &S = @(e(dJ,S) = 
@(ma, S) = m. Since D I D with respect o the intersection pairing, we conclude that n - 0. 
Therefore e’(dk) = 0 in H,(A’). We need only show that t’(di) = 0 for a general i -Z k to 
complete the induction. 
If d, is represented by a 2-cycle in X then ~(4.:) = 0 implies that there is a relative 3-cycle 
S, [S] E H,(A, X), whose boundary is the cycle di. Then, by Lemma 4.4, 
fita, s) = A a B(e(dk), S) = jn (dk . as) = i (dk . di); 
but, by hypothesis (v), D I D with respect o the intersection pairing. Thus ,t3(a, S) - 0 and 
hence S “represents” a relative 3-cycle in H,(A’, X). This implies the desired result t’(dJ - 0 
and completes the proof. 
In summary, assuming the hypotheses of Theorem 4.1, we have constructed candidates 
A, B for the complementary components of X in S5 which are spin manifolds such that: 
(1) the triple (A, B, X) realizes on the ?r,-level the diagram of groups and homomor- 
phisms in (i), (ii) of the Theorem 
(2) the map H,(X)AH,(A) is onto 
(3) in case b, where H1(G2) is torsion-free, the map C&H,(A) is also onto. 
Completion of the proof of Theorem 4.1. Let M be the closed S-manifold by identifying 
A and -B along their common boundary X. Property (1) insures that M is l-connected. 
Examine the diagram below. 
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Diagram 3. 
Once again a diagram chase shows that $ is an epimorphism. These facts combine to show: 
(4) if J&&(M) then 1 =jdb) where b is a spherical class in H,(B). 
Proofof(4). Since $ is an epimorphism, I =j,(a) +j,(b) for some spherical a,b classes 
in H,(A), H,(B). If H,(GJ zz 0, then (2) implies that -a = Ed for some x E H,(X) so 
2 =js(b - Ed) and b - C&C) is spherical. If H,(G,) is torsion-free, then (3) implies that 
--a = E”(C) for some CEC so I =j,(b - eB(c)). Note that Lo is spherical since $Z(c) = 0 
according to hypothesis (v) of Theorem 4.1. 
Since B is a spin manifold, it is possible to perform spin-surgery on 2-spheres in intB 
and simultaneously perform surgery on homology classes in H,(M) (actually M is iteslf 
a spin manifold but this fact is not needed). Note that none of the properties (l)-(4) above 
will be affected by surgeries on 2-spheres in intB. 
It is well known that a l-connected, closed, stably-parallelizable 5-manifold can be 
modified by surgeries on 2-spheres to a homotopy 5-sphere (hence S’) ([ 111, Theorem 5.1). 
The stable-parallelizability is used only to get trivial normal bundles for the embedded 
t-spheres. We can perform exactly this algorithm on the manifold IV, where at each stage 
we can employ (4) to get the homology class of interest (in H,(M)) represented as an 
embedded 2-sphere in the interior of B, a spin manifold. Since (4) is preserved by each 
of these spin-surgeries, we can indeed surgically modify M in the complement of X until 
X lies embedded in S5. This completes the proof of the Main Theorem 4.1. 
$5. A CURSORY INVE!STIGATION OF f?:‘“(G) 
In order to apply the embedding theorem, it is necessary to analyze the groups Q2Pi”(G). 
It does not seem to be easy to say things about these groups in general, but they are fairly 
well understood when H*(G) is understood. 
Let fi:pi”(G) stand for the cokernel of the (split) monomorphism i:Dfpi”- QfPin(G). 
Since Qzpi” is understood, we will concentrate on fizpin(G). 
PROPOSITION 5.1. Zf G is a group such that Z&(G;Z) z H,(G;Z,) r H,(G;Z,) g 0, then 
fizpi”(G) is trivial. 
Proof. The Atiyah-Hirzebruch spectral sequence for the generalized homology theory 
@jpin (-) has E;,, t erms isomorphic to H,(G;@$“,) [5,9]. The ordinary spin cobordism 
groups Oipi” are Z, ill, i&,0 and Z for n = 0, 1, 2, 3 and 4[ 121. Thus all of the E2 terms of 
the spectral sequence for fiipi”(G) vanish except for E&, which is the image of figi.. Cl 
Recent calculations of Anderson-Brown-Peterson show that fi~Pi”([WPm) = Z2, a2, Y&O 
for n = 1,2,3,4[2]. This implies that fizpi”(Z2) = 0. In fact, their methods will show that 
fizpi”(Z2,) = 0 for n 2 1 [ 151. 
PROPOSITION 5.2. asp’o(G) r 0 for any cyclic group G. 
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Proof Proposition 5.1 proves this for G g Z,,, Z or (e} and our previous remark 
verifies it for G a 2-group. Consider G E Zk where k = m2” for m odd. Associated to the 
product fibration K(i$, I)- ’ K(Z,,l) (with fiber K&l)) and the homology theory 
b “a’“( ), is a spectral-sequence: 
H (z P . @pi” (&)) 2 f?spi”(Z’ ) mr 4 P 
P 4 
k . 
Since the fibration is a product the coefficients are untwisted. Proposition 5.1 tells us that 
~nqsPi~&) is a 2-group for p = 1,2,3. Thus the only surviving E* term in the spectral- 
sequence is Ei,, = i (Q~pi”(&.)) J Qzpi”. 0 
46. IMMEDIATE APPLICATlONS OF THE EMBEDDING THEOREM 
Finally, we will apply the Main Theorem 4.1 together with some of our results of $5 to 
prove that certain large classes of 4-manifolds embed in Ss. 
There are certain classes of “simple” Cmanifolds which can be shown to embed in S5 
by more-or-less geometric means. We include the following for completeness (without 
proof). (Proposition 6.1 also follows from Theorem 6.2.) 
~oPosInoN 6.1. The following classes of smooth, closed orientable 4-manifolds embed 
smoothly in S. 
(i) any simply-connected 4-manifold that embeds in S6. 
(ii) S’ x M3 for any closed, orientable 3-manifold. 
(iii) Fg, x Fg2 for any 2 orientable surfaces. 
The lesson to be learned here is, in a sense, that “simple” LGmanifolds which embed in S6 
also embed in S’. The next theorem shows that 4-manifolds whose first homology groups 
or whose fundamental groups are sufficiently “simple” also embed. 
THEOREM 6.2. Let X be a closed, orientable, smooth, connected 4-manifold with index 
(A’) = w&I’) = 0. Then ifany of the.following conditions hold, X will embed smoothly in S5. 
(A) H,(X) is the direct sum offewer than three cyclic groups. 
(B) Z,(X) is the free product of any number of cyclic groups. 
(C) nl(X) = G,@Gz where Hd(GJ = HJG,; ZJ z H,(G,; Z) z Tor (HI(Gi), Z!,) z 0 for 
i = 1,2. 
Proof 
(A) say H,(X) = G, @G2 where the Gi are cyclic groups. Let G = nl(X). Then the obvious 
epimorphisms g,: G - G, i = 1,2 satisfy conditions (i)-(iii) of Theorem 4.1. Remember 
that H,(cyclic group) = 0. Since QfPi”(Gi) = s2fpi” (by 5.2) and a(X) = 0, the bordism 
elements of (iv) do indeed vanish. Condition (v) is satisfied because the intersection form on 
H,(X) is even and has zero signature. Applying 4.1, X 4 9. 
(B) Assume ;r~, (X) is a free product of a finite number of cyclic groups. Since Q2Spi”( ) is a 
generalized homology theory: 
qy4 *B) E fi~(K(A,l)V K(B,l)) 
E sTsp’“(K(A, 1))00~(K(B,l)) 
E SZSpin(A)@STSpin(B). 
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Hence, utilizing Proposition 5.2, asp’n(n,(X)) z 0. Apply Theorem 4.1 using the group 
system {G, = n,(X),G, = O> to achieve the desired result. (Note H,(lr,(X) = 0 here.) 
(C) This is proven similarly. cl 
57. STABLE EMBEDDING 
It is easy to show that if X c., S5 then any manifold h-cobordant to X also embeds. In 
fact, only a homology cobordism with certain rr,-properties is necessary. Thus embedding 
in Ss is a somewhat crude property that does not distinguish between manifolds that are 
equivalent in these ways. Another possible equivalence of manifolds is stable 
diffeomorphism in some sense of the work stable. In particular, one might ask whether or 
not connect-summing with S2 x Sz would help in embedding. 
THEOREM 7.1. Let X be a closed, oriented, connected 4-manifold. Then the following are 
equivalent : 
(A) X satisfies conditions (i)-(iv) of Theorem 4.1 
(B) X # (S’ x S*) satisfies properties (i)-(iv) of Theorem 4.1 
k 
The proof is straight-forward; simply use the same group system and maps. 
COROLLARY 7.2. Let X be as above. Suppose either H*(X) isjinite or that H,(a,(X)) = 
0. Then the following are equivalent: 
(A) Xc,S’ 
(B) Xf(S’x S*)G Ss 
Proof. For the case when H,(X) is finite, we appeal to[6]. 
Although this theorem points toward a negative answer to the question posed above, it 
may be that there is an X that satisfies (+0-(v) of 4.1 but not (v). In this situation perhaps 
stabilizing would help. Evidence for this possibility is provided by the following theorem, 
which completely answers the stable-embedding question. 
THEOREM 7.3. Let X be a closed, connected, orientable 4-mantfiold. Suppose 
o(X) = w*(X) = 0. Then X # (S2 x S*) 4 Ss Vor some k) tfand only tf X satisfies conditions 
(i)-(iv) of Theorem 4.1. ’ 
Proof. The proof is surprisingly easy compared to that of 4.1. One implication follows 
immediately from Theorem 7.1. Now assume that (Q-o-(v) are satisfied. Proposition 4.2 can 
be invoked twice to get 5-manifolds A,B such that: 
(1) X 4 A uxB = M a l-connected, closed spin 5-manifold (actually we only proved 
A and B were spin). 
(2) H,(X) r H,(A)@H,(B) is induced by inclusion and 
(3) Hz(G) -H,(G,)@H,(G,) where the Gi are as in 4.1. 
As before, these three then imply 
(4) if IEH,(M) then 1 =j,(a) +j,(b) for some spherical classes a,b in H,(A), H,(B). 
The class [a] can be represented as an embedded 2-sphere S with trivial normal bundle 
in the interior of A. Choose an embedded arc y running from S to a point in X. Via an 
isotopy in A, we can “drag” a piece of S along y until SnX = D where D is a small 2-disc 
and S-8 meets X transversely. The quartet (M, A, B, X) can now be modified to (M, 2, 
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B # S2 x D3, X # S2 x S*) by performing an ambient “2-handle subtraction” from A along 
a thickening of the properly embedded disc S-8. That is to say, we carve out (from A) 
the interior of a tubular neighborhood of the disc S-5 to get A’. The carved out piece is 
then looked upon as part of B. Thus, the effect on B is to add a 2-handle (B2 x B3) along 
the circle aD. Since this circle is trivial, the pair (B,X) is transformed to (B # S2 x D3, 
X#S2 x S2) where we have the fact that M is spin to conclude that this “surgery” is a 
spin surgery. 
The class i”(a) is now represented by S as a class in B # S2 x D3. By tubing with a 
sphere representing bM,(B), the class L&,(M) is represented by an embedded sphere in 
B # S2 x D3. So, at the expense of stabilizing X, we can represent any class in H,(M) by 
a sphere embedded in one complementary component of (X#S2 x S’). We may then 
proceed as before, noting that properties (l)-(4) are preserved throughout,. until 
X # (tS’ x S2) c-+ S’ for some k. 
COROLLARY 7.4. Let X be a closed, connected, orientable Cmanifold. If X satisfies 
conditions (i)-(iv) of Theorem 4.1 then X-(a point) embeds moothly in S5 in such a way 
that the 3-sphere = a (closure of X in S5) is a simple knot. 
Proof. This is a direct consequence of the fact that, under the hypotheses, 
X # S2 x S2 C. S5. The 3-sphere that separates X from f (S2 x S2) in X f S2 x S2 is the one 
k 
in question. Since it also bounds the #(S2 x S2) in S5, it is a simple knot. 
k 
In conclusion, we note that if a manifold X satisfies conditions (+0-(v) for some group 
system, then Theorem 7.3 insures that X # S2 x S2 satisfies condition (v) as well, since 
k 
condition (v) is necessary for embedding. The interesting question of whether it follows 
that X itself must satisfy condition (v) for this same group system, I am unable to answer 
as of this date. 
58. OTHER APPIJCATIONS 
There are applications of the embedding results to other questions involving homology 
cobordism and spin cobordism. In particular, the embedding theorem provides necessary 
and sufficient conditions for a link of 2-spheres in S4 to be (strongly) slice in B’. Large 
classes of links can then be shown to be slice including all homology-boundary links (see 
[lo]). These results will appear in another paper[7’J We briefly mention some tidbits about 
links of 2-spheres in f S2 x S2 (see also [lfl). 
Definition. A smooth link of m 2-spheres in #S2 x S2 is said to be slice if the 
k 
components bound disjoint, smoothly-embedded 3-balls in some # S* x B3 which has 
pS2 x S2 as its boundary. 
k 
Pno~osrno~ 8.1. Any smoothly embedded S2 in # S2 x S2 is slice. 
k 
Proof. The S2 will be slice if and only if the 4-manifold (Y,a) obtained by framed 
surgery on the S* in f S2 x S2 embeds in S5 with one complementary component 
l-connected. This requires a lemma concerning uniqueness of embeddings of $= S2 x S2 in 
9. Then, since H,(Y) will be cyclic in our case, the result follows from Theorem 6.2A. 
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PROPOSITION 8.2. For any m > 1, there is a link of m 2-spheres in some # S2 x S2 that 
is not slice in any #S2 x B3. 
k 
k 
Proof This follows from the fact that Q,SPin(Z@iZ@. . .@Z) is non-zero for more than 
one copy of iZ. This allows the construction of a suitable link for which the corresponding 
(Y,o) (as in 8.1) fails to embed as required. 
~oPOsInoN 8.3. There is a link of two 2-spheres in S2 x S2 which is not slice in any 
S2 x B3. 
Proof The pair (S’ x RP3, inclusion) is non-zero in tifPin(S’ x RP”) so S’ x RP3 does 
not embed in Ss with one complementary component l-connected. One can construct a 
link of 2-spheres in S2 x S2 on which framed surgery yields S’ x RP3. 
The embedding theorem does yield necessary and sufficient conditions for a spin 
manifold to embed punctured in S5 by observing that this is equivalent to X # -X 
embedding in a particular fashion[8]. 
Lastly, we mention a generalization of Wall’s theorem [181 to non-simply-connected 
manifolds. Let X be a closed, connected, orientable smooth 4-manifold with w2(X) = index 
(X) = 0. 
WALLS' THEOREM ([ 181). If X is simply-connected, then X is h-cobordant to a manifold 
Y where Y is the boundary of a regular neighborhood of a wedge of %-spheres in BS vrom 
this it follows that X is h-cobordant to some -ffS2 x S’). 
Let G be a finitely presented group. 
Definition. N(G) = {smooth S-manifolds diffegmorphic to regular neighborhoods of 
2-complexes K in S’ with H,(K) = G} 
dN(G) = {Boundaries of manifolds in N(G)). 
THEOREM 8.4. Let X be as above. Suppose n’(X) is cyclic. Then X is (stably-framed) 
homology cobordant to a mantfold in aN(G) and the inclusion of X into the cobordism is an 
isomorphism on IL,. Consequently X f (S’ x S2) is in dN(G). 
Proof. Use Proposition 4.2, Proposition 5.2, Theorem 4.3 and some handle arguments. 
In closing, we list a few questions, unanswered as of this writing. 
(1) Are conditions (i)-(v) of Theorem 6.! sufficient to embed any X? 
(2) Is there a 4-manifold which embeds in S6 but does not embed punctured in S’? 
(3) Is there a 4-manifold which embeds stably in S5 but does not itself embed? 
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